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Scattering of acoustic waves into
Tollmien—Schlichting waves by small streamwise
variations in surface geometry
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By using the triple-deck scaling of Stewartson (1969) and Messiter (1970) we show
that small but relatively sudden surface geometry variations that produce only
very weak static pressure variations can nevertheless produce strong, i.e. O(1),
coupling between an externally imposed acoustic disturbance and a spatially growing
Tollmien— Schlichting wave. The analysis provides a qualitative explanation of the
Leehey & Shapiro (1979) boundary-layer receptivity measurements and is in good
quantitative agreement with the Aizin & Polyakov (1979) experiment. It may also
explain why small ‘trip wires’ can promote early transition.

1. Introduction

It is now clear that transition to turbulence in boundary layers frequently begins
with the excitation of Tollmien—Schlichting waves by very weak freestream disturb-
ances and that the transition Reynolds number is strongly affected by the nature and
strength of these disturbances. A number of investigators have attempted to study
this phenomenon by minimizing the natural disturbances in their experiments and
imposing controlled (i.e. known) disturbances of some particular type. Acoustic
disturbances were found to be especially effective in this role (primarily because of
their large spanwise coherence) and Shapiro (1977) (see also Leehey & Shapiro 1979)
carried out a very interesting experiment in which a disturbance of this type was
imposed on a flat plate boundary layer without producing any significant vibration
of the plate. Shapiro’s Mach number was quite low and his imposed disturbance was
a nearly plane wave propagating in the mean-flow direction, so that it acted, for
practical purposes, like a uniform pulsation of the entire stream.

He found (1) that the resulting Tollmien—Schlichting wave amplitude increased
linearly with that of the imposed disturbance —indicating that the former was
generated by a strictly linear process — and (2) that the maximum Tollmien—Schlich-
ting wave amplitude at the lower branch of the neutral-stability curve was, in fact,
nearly equal to that of the imposed disturbance; which is to say that the observed
‘coupling coefficient’ was very nearly equal to one.

The effect of a uniformly pulsating stream on the flow over an infinitely thin flat
plate was studied numerically by Murdock (1980) and analytically by Goldstein
(1983 a,b) and by Goldstein, Sockol & Sanz (1983). They found that the resulting
Tollmien—Schlichting waves were several orders of magnitude smaller at the lower
branch of the neutral-stability curve than those measured by Shapiro (1977).

Goldstein’s (1983 a,b) analysis shows (1) that the Tollmien—Schlichting waves are
generated near the leading edge, where non-parallel-flow effects become important,
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Ficure 1. Shapiro’s (1977) plate.

and (2) that these waves then undergo considerable decay before reaching the
neutral-stability point, where they can start to grow. The decay process is related
to the reduction of the (effectively infinite) wavelength of the free-stream disturbance
that must take place before it can turn into a very short wavelength Tollmien—
Schlichting wave. Goldstein (1983a,b) also finds that the coupling coefficient itself
is quite weak in this case.

However, Shapiro’s (1977) plate was certainly not infinitely thin, and he, in fact,
detected weak but relatively rapid streamwise variations in static pressure, which
presumably resulted from streamwise variations in plate thickness. The purpose of
the present paper is to show that even the very small streamwise variations in surface
geometry that cause such weak static pressure variations can produce a large coupling
between Tollmien—Schlichting waves and the imposed disturbance when these
variations are sufficiently rapid, i.e. when they occur on the scale of a Tollmien-
Schlichting wavelength. The variations in surface geometry are then able to ‘scatter’
very long-wavelength acoustic disturbances into the much shorter-wavelength
Tollmien—Schlichting waves.

The required variation in surface geometry may have occurred at the junction of
the ‘nose’ and ‘flat-plate’ regions of Shapiro’s (1977) plate, shown here as figure 1.
But, since this point was upstream of the neutral-stability point in his experiment,
the Tollmien—Schlichting waves generated at the former point would still have had
to undergo a certain amount of decay before they reached the latter, as was the case
for the infinitely thin flat plate studied by Murdock (1980), Goldstein (1983a,b) and
Goldstein et al. (1983). However, the present mechanism produces strong-enough
coupling and small-enough decay (< 107') to account for Shapiro’s observed unit
amplitude ratio at the neutral-stability point. Large leading-edge curvature would
produce Tollmien—Schlichting waves that are negligably small because they would
have to undergo much more decay than those generated at the junction.

In order to reduce the problem to its simplest terms we consider a two-dimensional
incompressible flow over a body with a small region of relatively large surface
curvature (such as Shapiro’s flat plate shown in figure 1). The upstream mean flow
is assumed to be uniform, and we suppose that the unsteadiness is due to a
small-amplitude time-harmonic pulsation of that flow.

Since the mean boundary-layer flow, and consequently the Tollmien—Schlichting
waves that ride on that flow, can only be defined mathematically in the infinite-
Reynolds-number limit, we suppose that the length Reynolds number R is large and
carry out the analysis as a systematic asymptotic expansion in inverse powers of this
quantity. We suppose that the streamwise extent of the large-curvature region is
O(R7%) and that the mean flow is turned through an angle O(R™%) across this region.
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The corresponding steady flow was studied by Stewartson (1970, 1971), and was found
to possess the well-known ‘triple-deck’ structure of Stewartson (1969) and Messiter
(1970). Stewartson showed that the resulting static-pressure variations were also
O(R).

The unsteady flow of the present analysis can be treated as a linear perturbation
of Stewartson’s (1970, 1971) solution, and therefore also possesses a ‘triple-deck’
structure. We suppose that the dimensionless frequency (i.e. Strouhal number) of the
imposed disturbance is O(R!), corresponding to the Tollmien—Schlichting wave
frequency at the lower branch of the neutral-stability curve (Smith 1979; Goldstein
1983). Smith (1979) showed that Tollmien—Schlichting waves have a ‘triple-deck’
structure at the lower branch of the neutral-stability curve in the infinite-Reynolds-
number limit, and Goldstein (1983a,b) showed that they also have this structure
everywhere upstream of this curve. It is therefore natural that these waves should
appear in the present analysis. We show that they occur just downstream of the region
of large curvature, which we refer to as the interaction region, and that their
amplitude is of the same order as that of the imposed disturbance (i.e. the coupling
coefficient is of order one), which is rather remarkable, since the disturbance to the
mean flow (as measured, say, by the mean-pressure variations) is so small (O(R™)).

In §5 we explain how such small mean-flow variations are able to have such a large
effect on the unsteady flow. We next show that the predicted static-pressure
variations are quite compatible with measurements made by Shapiro (1977) during
the course of his experiment. The theory is then compared with Goldstein’s (1983 a, b)
infinitely thin flat-plate analysis and we explain why the coupling is so much stronger
in the present case. Finally, the predictions of the present theory are shown to be
consistent with the Tollmien—Schlichting wave amplitudes observed by Shapiro
(1977).

Smith (1973) showed that Stewartson’s (1970) analysis also applies to the flow over
small humps on otherwise flat walls. The present study therefore applies to this case,
and may consequently provide an explanation of how very small trip wires, and
perhaps roughness elements, promote early transition.

Aizin & Polyakov (1979) conducted a relevant experiment wherein the Tollmien—
Schlichting wave wasgenerated by an upstream-propagating acoustic waveinteracting
with a thin Mylar strip. In §5.3 we show that the present theory is in excellent
quantitative agreement with their data.

Section 5.4 explains how the theory can be applied to any type of imposed
disturbance whose spatial scale is large compared with the Tollmien—Schlichting
wavelength. Finally, §5.5 shows that the results of the present study remain valid
over the entire range of unstable frequencies rather than over the restricted range
near the lower branch of the neutral curve implied by the original scaling.

Nishioka & Morkovin (1985) recently imposed a very small-scale unsteady pressure
gradient directly on a flat-plate boundary layer, so that the imposed disturbance
and Tollmien—Schlichting wavelengths were compatible in their case. Their paper
contains a qualitative description of the coupling process and provides a number of
useful references to other experiments related to the present work.

2. Formulation

In order to fix ideas, we consider a two-dimensional incompressible flow of density
p and kinetic viscosity v over a relatively thin two-dimensional body having a small
region of large surface curvature *, as shown schematically in figure 2. The net
turning of the flow across this region is assumed to be small in a sense to be prescribed
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more precisely below. The upstream motion consists of a uniform flow with velocity
U, plus a small harmonic perturbation of frequency w and constant amplitude
%y <€ U, so that the unsteady motion can be treated as a linear perturbation of the
steady flow corresponding to U .

We introduce a Cartesian coordinate system {x*, y*}, with «* tangent to the body
surface just upstream of the large-curvature region as indicated in figure 2. The steady
velocity {U,, V,} and pressure F, are assumed to be normalized by U, and pUZ,
respectively, while the unsteady velocity perturbation {%, v} and pressure perturbation
p are assumed to be normalized by u_, and pu, U, respectively.

As indicated in §1, the Reynolds number R = U_!/v based on the distance {
between the leading edge and the region of large curvature is assumed to be large,
and the net turning angle « across this region (see figure 2) and its curvature «* are
assumed to be O(e?) and O(I7! €™!) respectively, where

€= R, (2.1)

Then the viscous effects will, to lowest order, be confined to a narrow boundary
layer of thickness €* on the surface of the body, and the flow in the vicinity of the
large-curvature region will be unseparated and have the ‘triple-deck’ structure of
Stewartson (1969) and Messiter (1970), as indicated in figure 3. In fact, Stewartson
(1970) has already analysed the steady flow in this region, and we treat the unsteady
flow as a small perturbation about his solution. The latter flow bears some
resemblance to the Brown & Daniels (1975) solution for unsteady trailing-edge flow,
but differs from it in a number of important respects (e.g. the boundary conditions
are different). The present work is also unique in combining such an unsteady solution
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with classical boundary-layer stability theory and Stewartson’s (1970) steady
analysis for a change in wall slope. The work of Hall & Smith (1982) is also relevant
to the present study.

Following Stewartson (1970), we introduce the scaled coordinates

_ ¥ _ y*
X= B YT | (2.2)
Then the large-curvature portion of the body surface can be described by an equation
of the fOl'm y= ehF(X), (2'3)
where F(X)>0,—a,X a8 X->—o0, +00,

the scaled turning angle a, = o/he? (2.4)

is assumed to be O(1) as € >0, and & is a parameter introduced for later convenience.

2.1. The steady flow

The relevant portions of Stewartson’s (1970) analysis are summarized in this
subsection. He showed that the flow in the main deck, where y = O(1), behaves like

Uy~ Un(y) +ehay cUp(y) (— X)} a8 X>— oo, (2.5)

where ¢ is a constant, Ug(y) is the boundary-layer velocity profile just upstream of
the ‘triple deck’ and the prime denotes differentiation with respect to the indicated
argument. Since the body is assumed to be thin, we can take Uy to be the Blasius
profile and assume that Ug—1 as y—> o0.

Stewartson (1970) showed that the steady flow within the main deck itself has the
structure

U, = Ug(y) +eA(X)Ug(y) +O(e?), (2.6)
V, = —etd’(X)Ug(y) + O(€), 2.7)
B =¢lne 3":: ko ePX)+0(e), (2.8)

where A4 and P are related, via the upper-deck solution, by the Cauchy integral

© p(X
A" (X) = 1 f_ Xi—)}dx (2.9)

n

and the slash indicates that the Cauchy principal value of the integral is to be taken.
The steady flow in the lower deck, where

Y=y/e (2.10)
is O(1), has the structure

V, = &S V(X, ¥)+O0(eb),
F, = eP(X)+0(¢e%),

UO = GU(.X, Y)+0(62),
} (2.11)

where the scaled variables U, ¥V and P are determined by the boundary-layer equations
Uy+Vy =0, (2.13)
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subject to the boundary conditions

U=V=0, Y=hHFX) for —0 < X <00, (2.14)

U»>AY asX->—o0, (2.15)

UsA[Y+A(X)] as Y—> + 0, (2.16)

where A = Ug(0) (2.17)

is equal to 0.3321... for the Blasius boundary layer.

2.2. The unsteady flow
We suppose that the time ¢ has been normalized by I/U  and put

x=z*/l. (2.18)
Then the unsteady flow is governed by the linearized Navier-Stokes equations
uy+ Ugu, +uly +e 30Uy, + V) = —p+uy, +6bug,, (2.19)
v+ Uyvg+uVy, +e2 oV, + Vyv,) = —€7'p, +v,, + €0, (2.20)
u,+e v, =0. (2.21)

Since the problem is linear, the entire unsteady flow will have harmonie time
dependence, and we can put

u = e i(z,y),
v =e Sz, y), (2.22)
p=e" Sz, y),

where S=wl/U,

is the Strouhal number and, sinee the body is assumed to be thin,

4—>1 asy—o0, (2.23)
to the lowest approximation.
Upstream of the triple deck, where the mean flow changes on the scale of z, the
unsteady flow in the boundary layer is given by the Stokes solution

%= 1—exp ligSéy]»} (2.24)

P =iSx.

Our interest here is in the relatively high-frequency case, where w is of the order
of the Tollmien—Schlichting wave frequency at and upstream of the lower branch of
the neutral-stability curve. The analyses of Goldstein (1983a,b) and Smith (1973)
show that S must then be O(¢7?), so that

Sy, = €8 (2.25)

will be O(1). The Stokes-layer thickness will then be the same as that of the lower
deck, and (2.24) can be written as

B =ieS, X, (2.26)

d={ lllfory=0(1)

1—e®S8Y  for Y = O(1). (2.27)
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The abrupt streamwise variations in the mean flow will modify this solution within
the triple deck, and in the main deck the unsteady solution will be of the form

4 =a,(X,y)+ed (X, y)+...,
5 = b, (X, y)+€*5,(X, y)+ ..., (2.28)
P=ePp(X,y)+ €D (X, y)+....

Substituting these via (2.22) into the linearized Navier—Stokes equations, using (2.6)
and (2.7) and equating to zero the coefficients of €7® yields

Ugtlyx +7, Ug =0, (2.29)
Hox = — Ty, (2.30)
Poy = 0. (2.31)

Hence, using (2.23) and (2.27) and the fact that Uz —0 as y > oo, we find that
@y = 1+a(X)Ug(y), (2.32)
8= —'(X)Un(y), (2.33)
Do = po(X), (2.34)
where a(X)->0 as X—>—o0, (2.35)

and it follows from (2.26) thatt
P(X)>i8,X as X>—o0. (2.36)
In the upper deck, where

JI=ey (2.37)

is O(1), (2.23) implies that the solution will be of the form

d=1+et,(X,§)+...,
5 =eb,(X,§)+ ..., (2.38)
P=ep (X, h)+....

Substituting this into (2.19) and (2.20) via (2.22) and using (2.25) and the fact that
(U,, V) = (1,0)+ O(e) in the upper deck, we find that $, —iS, X and 4, are conjugate
harmonic functions (i.e. the real and imaginary parts of an analytic function of the
complex variable X 4+ 4/ —1 §). Matching with the main-deck solutions (2.32) to (2.34)
shows that

5,(X,0)=—a'(X) and $,(X,0)= py(X).
It follows that

a"(X) = % f _°° ’ig)_—_% dX. (2.39)

Finally, the solution in the lower deck is of the form

& = uy(X, Y)+O(e),
¥ = €?vy(X, Y)+ O(e?), (2.40)
P = €py(X)+O0(e?).
1 Complete matching with the upstream solution may require that we introduce an unsteady
foredeck such as that used by Brown & Daniels (1975) for the unsteady trailing-edge problem. But

it turns out that we can obtain the solutions to the required degree of accuracy without actually
doing this.
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Substituting these into (2.19) and (2.20) via (2.22), using (2.11) and (2.25) and
equating to zero coefficients of €72, we find that u, and v, satisfy the linearized
unsteady boundary-layer equations

—i8, ug+ Ungx + %o Uy + v, Uy + Vitgy = — P+ %gyy, (2.41)
uoX = —’on. (2.42)

At the wall u, and v, satisfy the no-slip boundary condition
uy, =1, =0 for Y = hF(X), (2.43)

and matching with (2.27) and (2.32) shows that
a1l

uy—>1—e*StY  ag X >— o0 (2.44)
and uy—~>1+Aa(X) as Y —>o0, (2.45)

where A is defined by (2.17).

This completes the formulation of the problem. The entire unsteady solution will
be known once the solution of (2.41) and (2.42) subject to the conditions (2.39) and
(2.43) to (2.45) has been obtained. But this requires that the solution of the
corresponding steady problem (2.12)(2.16) be found, which has only been done
numerically (Ragab & Nayfeh 1980; Sykes 1978; Napolitans, Werle & Davis 1979).

Fortunately, much of the physics of the receptivity phenomenon is best understood
by considering the linearized solution corresponding to moderately large curvature,
ie. to A <1 in (2.3). This is done in §3.

3. The linearized solution

We begin by considering the steady problem (2.12)—(2.16). Its solution has already
been obtained by Stewartson (1970, 1971). For convenience we summarize his results
in the present notation.

3.1. The steady solution
The linearized solution for 2 < 1 is given by (Stewartson 1970, 1971)

U=AY+hU®, (3.1)
V =hyo, (3.2)
A =hAW, (3.3)
P =hQw, (3.4)

where the Fourier transforms with respect to X, say U, V, 4 and @, of the
perturbation quantities UV, VW, AW and Q¥ respectively, e.g.

o(Y) = ('2::_)‘ EO UO(X, ¥)e kX dX (3.5)
satisfy U =ikAYU, (3.8)
0(0) = — AF, (3.7)
Us>A4 as Y- o0,
e [(k+i0)k (sk—iO)]% a (3.8)
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V= %(U”—Q)—ikUY, (3.9)

7(0) =0, (3.10)

where F denotes the Fourier transform of F (in the notation (3.5)), k+i0 indicates
that a small positive/negative imaginary quantity (which is ultimately put equal to
zero) has been added to k, and the branch cuts of (k+i0) are to be taken in the
lower/upper half-planes.

The solution to (3.6)—(3.10) is given by

o - AF(k) (ikA)

Dy AilEAEY) (3.11)
~_ _ AF(k) (ikA)
C=—Dk3ra)’ (3.12)
where arg (ikA)i = +in for k 2 0, we have put
1 iAzikAR
Dk)ys s————+—, 1
W =5 vm 3 @13
y= a (3.14)

[(k+i0) (k—i0)]*’

and I" denotes the gamma function.

3.2. The unsteady solution
As already indicated, the analysis in this section is similar to the linearized study
of Brown & Daniels (1975). Corresponding to the expansion (3.1)—(3.4) of the steady
solution, the unsteady solution of (2.41)—(2.45) and (2.39) can be expressed as

g = 1 —ettSEY 4 0, (3.15)
vy = hv®, (3.16)

a = ha®, (3.17)
Py = 1S, + hgD(X), (3.18)

where terms O(A?) are again neglected. Substituting these together with (3.1) and (3.2)
into (2.41)—(2.45) and equating to zero like powers of % yields, upon transferring (2.43)
to Y =0,

— 8y D + A(Yu + D)+ g0 —uffh, = — (1 —ettsh) pw it gotisty yo (3,19
ug>+vg}> =0, (3.20)

W = i3S F(X), vV =0 for ¥ =0, (3.21)

uM >0 as X—> — o0, (3.22)

W >2Aa®  as ¥->o0. (3.23)

Equation (2.39) shows that
dza(x) f (1)( X

(3.24)

Differentiating (3.19) with respect to Y, using (3.20), and noting that UV and V¥
also satisfy this equation, we obtain

IS, 4P — ATuQy +uffly = (1—ett58r) U@, 4ig, ettsy p. (3.25)
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It follows from (3.21)-(3.25) that the Fourier transforms with respect to X, say
@, U, @ and g, of the perturbation variables u®, v, a® and ¢V respectively, e.g.

1 o0
w(Y) = J u (X, Y)e kX X, 3.26
y =g ], &) | (3.26)
F p— ] —

satisty @ +i(S, — kAY) @ = ik(1—elISE¥) T 4i8, ettSiY 7, (3.27)
@(0) = IS F, (3.28)
7(0) = 0, (3.29)
#—>Aad as Yoo, (3.30)
g =1iya, (3.31)

where y is defined by (3.14). Hence it follows from (3.10) and (3.19) that
@’(0) = iya+itSi F. (3.32)

Putting = . y

= ﬁl+w+“g—°j sty 7 ay (3.33)

and using (3.9) to eliminate ¥ on the right-hand side of (3.27), we find that &, satisfies

#y +1(S,— kAY) @1, = —ikG(Y), (3.34)
where we have put oY) = eiiséy [(21:%_,_ Ho+ _;Q:I (3.35)
and &= S __ 5 e HT (3.36)

(kAR (kA)

Since (3.34) possesses homogeneous solutions whose first derivatives are Ai ({) and
Bi (§), where

§ = (kAP Y+, (3.37)
it follows that the solution to (3.34) that remains bounded as Y - co is given by
oy =— (ik’;)’ “[Bi () j ¥ Ai(QT)dT —Ai©) j Y Bi(§a(Y) dY]+0(k) Ai (9).
W 0
(3.38)

Substituting this into (3.33), inserting the result into the boundary conditions
(3.28), (3.30) and (3.32), integrating by parts to simplify the double integral, using
(8.7)-(3.10) to eliminate U(0), U(c0) and U”(0), and solving for @, we find that

ko Sy SyAIE) (g [
a= 6—,A+/\o U(O)+-—‘;m—o—{(lk/\)s L [K(L, &) G(Y -
_eiisiv d U’(Y)]dY+k" F_Sed 17'(0)}, (3.39)
S, Y
where K¢, = nAi, (&) Gi (g)i’_(gi’ (Go) Ai (6) , (3.40)
d= (" Aigde+Set AT (3.41)
o Y §0

and Gi and Gi’ denote the combinations of Airy functions and Airy-function integrals
defined on p. 448 of Abramowitz & Stegun (1964).



Scattering of acoustic waves into Tollmien—Schlichting waves 519
It follows from (3.32) and (3.33) that C(k) is now given by
—l—[ (d—EZ)—& U (0)—kn Bi’ (&) Iw Ai (§) G(Y) dY] (3.42)
EAFAT (&) LY\* 78,7/ 7 A L -

Substituting (3.11), (3.12) and (3.35) into (3.39), changing the variable of integra-
tion, and deforming the contour yields

C(k) =

_ k. S FEAAV (&) f [ _4,
i =g A+ 00 - [T e d K+ £, L)gtr &)
-a Ai(T)]dT—B—Sgo—/\ , (3.43)
where we have put ¢ ¢ ¥ F(§)}
g1, &) = G +1) Ai (1) + ot (3.44)
Q)

and the integral can be carried out along the real axis. This essentially completes the
solution to the problem. Physical quantities can be found by inserting (3.42) and
(3.43) into (3.33) and (3.38), and inverting the Fourier transforms of the type (3.26).
We are, however, only interested in the amplitude of the Tollmien—Schlichting wave
produced by the interaction, and not in the complete solution. Fortunately the former
is much easier to calculate than the latter.

4. Coupling coefficient — the receptivity problem

Bogdanova & Ryzhov (1983) analysed the generation of instabilities by pistons in
plane Poiseuille flow, and Goldstein (1984) analysed the generation of instabilities by
external disturbances in flows separating from smooth surfaces. Both of these are
related to the present work (and to Goldstein 1983a)in that they involve viscid—inviscid
interactions. The first of these, being concerned with input disturbances that are
already of the appropriate Tollmien—Schlichting wavelength scale, is more closely
related to the Nishioka & Morkovin (1985) study (referred to in §1) than to the present
analysis or to Shapiro’s (1977) experiment.

It follows from (3.17) and (3.26) that

k
(2m)t

Our interest is in the region downstream of the interaction zone (i.e. the region of
large surface curvature) where X > 0. Then the integration contour can be closed in
the upper half-plane.

Equation (3.43) shows that the integrand possesses poles at points where

4=0. 4.2)

But it follows from (3.14), (3.36) and (3.41) that (4.2) is just the lowest-order
approximation to the characteristic equation obtained from the classical large-
Reynolds-number-small-wavenumber asymptotic solution to the Orr-Sommerfeld
equation for the region near the lower branch of the neutral-stability curve (Lin 1946,
p- 294 of Appendix and the equation immediately following (12.5)f; Reid 1965,
pPp- 279-282). Its roots are the eigenvalues of the Orr—Sommerfeld equation corre-
sponding to the Tollmien—Schlichting waves. This is to be expected since, as was

a(X) = f ek X g(k) dk. (4.1)

+ There are some minor typographical errors in equation (7) of Lin’s Appendix, and a prime is
missing in his equation (12.5).
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shown by Smith (1979) and Goldstein (1983), the Tollmien—Schlichting waves exhibit
the same triple-deck structure as the present solution in the region upstream of the
lower branch of the neutral-stability curve.

We suppose that the interaction zone lies upstream of this curve, so that the
Tollmien—Schlichting waves initially decay. (Goldstein (1983 a,b) showed that (4.2)
is the correct characteristic equation for these waves everywhere in this upstream
region.) Then the roots of (4.2) must lie in the first quadrant of the -plane, and we

can put y = k2. (4.3)

We are only interested in the root corresponding to the Tollmien—Schlichting wave
that ultimately exhibits spatial growth in the downstream region (i.e. its lowest-order
root, see Goldstein 1983a,b). The contribution apg to (4.1) from the corresponding
pole is just equal to 2w times the residue of the integrand at this point, which we
denote by k£ = k (Goldstein 1981). Then, denoting the corresponding value of {, by

7 so that &
7 e4
® ,7,\; 2
and A(n) = J Ai () d§+i<§—> AV () =0, (4.5)
] 0
we find from (3.43) that _
aps(X) = Ah e X F(k) A(S,/A}), (4.6)

where we have put

A= BCIAD [ o (g 49, gt m)—t i 1 dr— 2B a7)

~ 29D 4’(n) U, 7 TR’
A’ denotes the derivative of (4.5) with respect to 5, and it follows from (3.13), (4.3)
and (4.4) that a2
= 1l_3 ”/\2> 1
D(q) =1 1<S0 ST (4.8)

Equations (2.22) and (2.32) therefore imply that the streamwise velocity fluctuation
produced by the Tollmien—Schlichting wave is given by

upg = ARF(k) A <%> el«X =80 7 (y) fory = O(1) (4.9

in the main part of the boundary layer. Similarly (2.38), (2.40), (3.15), (3.26), (3.33),
(3.38) and (3.42) imply that the streamwise velocity fluctuation in the lower deck is
given by
Ai(§)dg

J(ixx)§Y+q

Upg = ARF(x) A <%> etk X =St ) =1 for Y = O(1). (4.10)

Lw Ai(Q)ag

At larger values of the scaled frequency parameter S,/A! the root x of 4 = 0 crosses
into the lower half-plane, and the Tollmien—Schlichting wave then begins to grow,
but, as explained by Goldstein (1981) on the basis of causality arguments and more
recently by Bogdanova & Ryzhov (1983) from a somewhat different point of view,
the Fourier-inversion contour in (4.1) must then be deformed to lie below the
corresponding pole in the integrand. The net result is that the preceding formulas
(e.g. (4.9) and (4.10)) apply without modification.
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By using equations (10.4.9), (10.4.42) and (10.4.43) on pp. 446 and 448 of
Abramowitz & Stegun (1964) to eliminate Gi and Bi, (3.40) can be written as

Kr+9,7) = 2T"{Ai (T+”)[J(f+,)e§u

[« ]

Ai(s)ds+4(y eﬁi"):l
T+
—elix Aj ((r+9) egl") J Ai (s) ds} . (4.11)

It therefore follows from the asymptotic expansions of the Airy functions that

3
e—§(7+7)i

1 m
K(T+ﬂ,ﬂ)—>m+—i'd(7,e§1") TR as 7+ 79— oo (4.12)
and that the lowest-order root # of (4.2) (with 4 defined in (3.41)) behaves like
S% A eﬁin
—Of o—fin _ . .
7,—>I\(e 3, )+ as S, oo (4.13)
3 .. R ot
Hence A’(7/)—>? A’ (y), Ad(yel'™) OC_”T as Sy~ 0.
Inserting these results into (4.7) and using (3.44) and (4.8), we find that
A (%) —>—@n)i asS,—>co. (4.14)
Substituting this along with (4.4) and (4.13) into (4.9) yields
tps—> —Xi GEAF(AS,H) HASDIX=0 TT(y) a8y 0. (4.15)

5. Discussion of results

In the absence of the large-curvature region, the imposed disturbance would
produce only a Stokes shear flow, which is independent of both the mean boundary
layer and the streamwise coordinate to lowest order. The Stokes layer (across which
this flow adjusts to the free stream) is very thin — of the order of the lower-deck
thickness ¢ — when the disturbance frequency is of the order of the Tollmien—
Schlichting wave frequency for the lower branch of the neutral-stability curve, i.e.
when the Strouhal number is O(¢™%). The Stokes solution results from the balance of
the O(e™?) pressure, viscous and temporal acceleration terms in the linearized
momentum equation — the convective acceleration terms being negligible to this
order. But the large curvature in the interaction region induces a cross-stream
mean-velocity component ¥, which is O(e?) in the lower deck. This in turn introduces
a convective acceleration term €™ V,0u/3y = O(¢7?%) in the lower-deck linearized
streamwise momentum equation, which is of the same order as the pressure, temporal
acceleration and viscous terms. Then since ¥, depends on X = x/e?, this causes the
initial Stokes-type solution to exhibit an X-dependence that is of the same scale,
namely O(e3l), as the Tollmien—Schlichting wavelength at the lower branch of the
neutral-stability curve. In this way the very small (O(e?)) mean-flow variation across
the interaction region is able to ‘scatter’ the imposed disturbance into a Tollmien—
Schlichting wave that has roughly the same amplitude as that disturbance.

Most of Shapiro’s (1977) experiments were carried out at a frequency parameter
wrv/U?%, of 0.56 x 1074, so that his theoretical flat-plate neutral-stability point corres-
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FicURE 4. Static-pressure distribution as a function of R;* measured by Shapiro.

ponded to a displacement-thickness Reynolds number By (in Shapiro’s notation) of
roughly 9.5 x 10? (according to Shapiro). Our parameters ¢ and S,, which are equal
to (R,*/1.72)7% and (R,*/1.72)} wv/ U2 respectively, are therefore about 0.2 and 0.73
respectively at his neutral-stability point. The ‘nose’ region of his plate appears to
end at about 0.21 cm from the leading edge. This corresponds to an R, of 363 for
the experiments run at 29 m/s, so that ¢ & 0.26 and S, & 0.17 in this case.

Figure 4 is a reproduction of Shapiro’s (1977) measured static-pressure distribution
plotted as a function of R,* (his figure 25). The only difference is that we have put
a slightly different curve through his data points in the vicinity of the break point
(i.e. the end of the nose region). Since 4R;* = 0.86 AX /¢ there, 2 AX will equal 1.56
when 2AR;* = 5.2. The magnitude of the negative peak lying below this width is
roughly AF, = 1.45 x 1072, (Notice that Shapiro’s normalized pressure levels are twice
ours, owing to differences in normalization.) This corresponds to a AP = AF,/e? of
about 0.21. Inspection of Stewartson’s (1971) figure 2 (a) reveals that his theoretical
negative static-pressure distribution peaks at almost exactly that value and that the
peak has a width 2 AX of about 1.5 where his curve crosses the real axis. This shows
that Shapiro’s static-pressure measurements are compatible with the predictions of
the present theory when a, = a/he?, the scaled turning across the interaction region,
is equal to unity.

The most important results of the present study are equations (4.9) and (4.10) for
the Tollmien—Schlichting velocity fluctuations generated downstream of the interac-
tion region. The factor AhFA is a measure of the amplitude of the Tollmien-Schlichting
wave to that of the imposed disturbance. Following Tam (1971), we refer to it as the
‘coupling coefficient’.

The factor A(Se?/A}) is independent of the geometry of the interaction region and
depends on the upstream boundary layer only through the scaled skin friction just
upstream of the interaction region. A is plotted against Se?/A! in figure 5. Its
asymptotic limit (4.14) is indicated by the dashed line. The figure shows that the
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Ficure 5. Real and imaginary parts of A.

in-phase component (real part) is generally small compared with the out-of-phase
component, which monotonically increases to its limiting value of about unity. Thus
A merely produces a net phase shift of —in between the free-stream disturbance and
the Tollmien—Schlichting wave, at sufficiently large values of the scaled frequency
parameter S,/Al. B

The interaction-region geometry is accounted for through the factor AF, which, for
a given geometry, depends only on the complex Tollmien—Schlichting wavenumber .
In order to get some idea about the magnitude of F(x), we evaluate it for the dis-
continuous slope change in which

F=0,-2,X forX<0,X>0.
Inserting this into (3.26) yields

S ha,
hF(k) = EF—iy’ (5.1)
so that (4.4) implies that
— _ ihay (Alp)?

5.1. Some rough order-of-magnitude estimates and comparison
with the infinitely thin flat plate
Equations (4.9) and (4.10) have to be corrected for mean-flow divergence effects when
the distance X downstream of the interaction region becomes sufficiently large. This
can be done (to a first approximation) by replacing the factor e!*X by (Smith 1979)

exp (i IX K dX) = exp (é ‘r K (x) dx) ,
0 0

where the complex wavenumber « is now to be evaluated at the local conditions. The
absolute value of this factor determines the order of magnitude of the Tollmien—
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Schlichting wave velocity fluctuation urg far (in terms of X) downstream from the
interaction zone, since its coefficients are O(1) in (4.9) and (4.10).

On the other hand, the analysis of Goldstein (1983a,b) and Goldstein et al. (1983)
for the infinitely thin flat plate shows that the order of magnitude of urg is, in that

case, determined by the factor
i [* d if° e iz

exp (E f_l K x) exp (@ f_l K ) exp (@ J; de)

—27  1.3842

e - e—z-r

’

where (Goldstein et al. 1983)

and we use the notation of the present paper. Notice that Goldstein’s (19834, b) ¢ and
K are respectively S and S t (evaluated at z = 0) times the present ¢ and «. Thus
the leading-edge Tollmien—Schlichting waves (on an infinitely thin flat plate) are
weaker than those generated through the present mechanism by a factor of order

i 0
exp (EE J- K dx)
-1

where ¢!'*®* is a measure of the strength of the coupling between the external
disturbance and the Tollmien—Schlichting wave, i.e. it gives the order of magnitude

of the coupling coefficient, and
1 0
exp (% f K dx) ’
€J

is a measure of the damping that the wave undergoes before reaching the position
x = 0, where the break point is located in the present study.

Assuming that the frequency parameter wv/U% is equal to Shapiro’s (1977) value
of 0.56 x 10~* and using the estimate of the distance ! to his break point given above,
we infer from results given in Goldstein (1983 a,b) that the damping factorst

61.384

3

i T
exp— | «dx
€V

and

i T
exp— | xdr
€ Jo

should be roughly 0.75 x 107! and 3 x 1072 respectively at Shapiro’s neutral-stability
point.

Thus it would appear that the present mechanism produces Tollmien—Schlichting
waves that have about 3 of the amplitude of the imposed disturbance at the
‘theoretical’ neutral-stability point, while the edge-generated waves (on an infinitely

thin flat plate) are only about 107 of the amplitude of that disturbance, which agrees
~ roughly with Murdock’s (1980) estimate. But the weak adverse pressure gradient
between the break point and the neutral-stability point in Shapiro’s experiment (see
figure 4) must have reduced the Tollmien—Schlichting wave damping that actually
occurred there. Since this gradient is O(e?), as can be seen from figure 4 and our
estimate of €, the resulting reduction in Im« could also be O(e®), which would tend
to make the damping factor

i [
exp ?J‘ xdz

0

much closer to unity than to our previous estimate of 101,

t Goldstein’s (1983a,b) #, corresponds to the parameter S}/A® used in the present paper, so that
= (0.73)*/ (0.332) & 6 at the neutral-stability point and £, ~ 0.832 at the break point.
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This also implies that there was an upstream shift in the location of the
neutral-stability curve in the Shapiro experiment (from its theoretical flat-plate
value) which was, in fact, already suggested by Shapiro (1977). This is also supported
by his data (see his figure 24), which show spatial growth of the measured instability
wave in the region upstream of the theoretical neutral-stability curve.

5.2. The numerical coefficient of the damping factor
We now show that the numerical factor multiplying

i x
exp— | «xdz
€ Jo

is, in fact, not too different from unity. The scaled skin-friction parameter A is equal
to 0.332... for a Blasius boundary layer, and we have inferred that S, ~ 0.17 in
Shapiro’s (1977) 29 m/s experiment. Then it follows from figure 2 of Goldsteint
(1983a) and figure 5 of the present paper that 7 = 1.44exp(—2.79i) and
| A(S,/AY)| ~ 0.36. Using (5.2) for a discontinuous slope change across the interaction
region to obtain an estimate of AF, we find

hF ~ 26.7ha, 60521,

We have already indicated that Shapiro (1977) measured the ratio of the maximum
streamwise Tollmien—Schlichting wave velocity to that of the imposed disturbance,
say | uqg |max. at the theoretical location of the lower branch of the neutral-stability
curve in his experiment. Since

gy
[ s

AL —
[Taia
k)

goes nearly monotonically to A as ¥ — co and, since the maximum value of Ug(y) is
also A, it follows from (4.9) and (4.10) that
i T
exp (3 J.o k dx)

i T
exp (-6—3 J. K dx>
0

Then in view of our previous argument that the last factor should be about unity
in Shapiro’s experiment, we infer that the ratio of the maximum neutral Tollmien—
Schlichting wave to the imposed disturbance velocity should be about 1.07ka,
according to the present theory. This agrees with Shapiro’s (1977) observation when
ha, = a/€* is about one, which, as was shown above, is consistent with his static
pressure measurements.

| tps Imax 2 (hatg) 26.7 (0.332)% 0.36 ~ (hay) 1.07

5.3. Application to small humps

We have already indicated that the present analysis also applies to small humps or
protuberances on otherwise-smooth walls. A typical protuberance shape function
is

0 (X|> ) 63)

mm={

t See footnote on p. 524.
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Then it follows from (3.26) that

sin tkd

FO = Tgmt.

(5.4)
Hence F and consequently the coupling coefficient (since A is independent of d, see
(4.9)) will be a maximum, for fixed Tollmien—Schlichting wavenumber x, when xd = T,
i.e. when d equals half the Tollmien—Schlichting wavelength 2mn/x.

Aizin & Polyakov (1979) conducted a relevant experiment, whose results are
published as an internal Russian report but are described in considerable detail by
Nishioka & Morkovin (1985) (who also point out its connection with the present work).
Their experiment is similar to Shapiro’s (1977), but with the Tollmien—Schlichting
wave generated by an upstream-propagating acoustic wave interacting with a thin
Mylar strip affixed to the plate near the lower branch of the neutral-stability curve.

Such a strip is certainly well described by the shape function (5.3), and Nishioka
& Morkovin (1984) indicate that the most efficient coupling occurred when the width
d of the strip was equal to half the Tollmien—Schlichting wavelength, in agreement
with the present theory, and that the coupling coefficient was equal to 1.39 times
that produced by their basic  wavelength strip, which is close to the factor /2
predicted by the present theory.

Aizin & Polyakov appear to have defined their coupling coefficient as the
magnitude of the Tollmien—Schlichting wave amplitude divided by the magnitude
of the Stokes shear-wave amplitude at the end of the Mylar strip and at some
unspecified transverse distance from the wall. This should not be too different from
the ratio of the maximum Tollmien—Schlichting wave amplitude to the maximum
Stokes shear-wave amplitude — the latter being about 1.15u, (Ackerberg & Phillips,
1972). Hence it follows from (4.9) and (5.4) that the appropriate coupling coefficient

is
sin ixd A (&)
xdGm

A%hd
1.15

3 (6.5)
which increases linearly with the scaled hump height . This linear dependence is,
as pointed out by Nishioka & Morkovin, well corroborated by the Aizin—Polyakov
experiment.

It follows from (2.2) and (2.3) that (5.5) can be written as

AZh*d* (R,,- )2 A( ﬂ( Ry )‘) sin Jxd
1.722) ) od

1.15 )i \1.721
where h* and d* denote the dimensional protuberance height and width respectively,
B = wv/U? is the frequency parameter and, as before, R;* denotes the displacement-
thickness Reynolds number.

The maximum coupling coefficient measured by Aizin & Polyakov was between
0.0034 and 0.0047. It corresponded to an average h* of 0.0345 mm, R;* = 1550,
B =254x107% 1= 565 mm and d* = 12 mm, so that « was nearly real and d« = in
in this case. Inserting these numbers into (5.6) and using figure 5, we find that
| 4| & 1.05, and consequently that the maximum coupling coefficient should be about
0.038, which is remarkably close to the observed value. Under the same conditions,
but with an average 2* of 0.0225 mm, the computed coupling coefficient is 0.025,
which is also close to the observed value of 0.025-0.028. It should be noted that Aizin
& Polyakov madeanequally good prediction based on anunclearfeedback model, which
appears to be completely unrelated to the present mechanism.

) (5.6)
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Equation (5.6) indicates that the coupling coefficient should vanish when d« = 2=,
as does the Aizin & Polyakov formula. For this case they measure a coupling
coefficient of 0.006, which is close to the value they measured without the Mylar strip.
They attribute this to the basic surface-geometry change at the junction between
their nose and flat-plate regions, but it may also be due to the original leading-edge
mechanism of Goldstein (1983a) and Goldstein et al. (1983).

5.4. Extension to other disturbances

Although the present work was, for definiteness, restricted to acoustic disturbances,
it applies equally well to any imposed disturbance whose spatial scale is large
compared with the Tollmien—Schlichting wavelength (i.e. to the size of the triple
deck). It is only necessary to reinterpret the free-stream fluctuation amplitude u,,
which multiplies the entire dimensional unsteady solution, as the, possibly complex,
amplitude of the inviscid velocity fluctuation just outside the triple-deck (or
interaction) region. The final results ((4.9) and (4.10)) therefore apply to convected
disturbances, which can be superposed to represent free-stream turbulence, and to
sufficiently long-wavelength plate vibrations. The latter application would, of course,
involve an auxiliary inviscid linear calculation to relate the streamwise velocity
fluctuation u,, to the prescribed plate displacement.

Since the theory is linear, the results can be superposed to deal with various
combinations of imposed disturbances. In this regard it is worth mentioning a recent
experiment of Gedney (1983), who used Shapiro’s (1977) original apparatus with the
acoustic speaker turned on and simultaneously vibrated the plate with a driving rod
connected to its lower surface. The amplitude and phase of the plate vibration were
adjusted until the speaker-generated Tollmien—Schlichting waves could no longer be
detected. The implication of the present theory is that the net complex amplitude
U, (of the acoustic and plate vibration induced inviscid disturbance just outside the
triple deck) was caused to vanish. In other words, it was the source of the Tollmien—
Schlichting wave itself that was actually eliminated in this experiment.

5.5. Extension to higher frequencies and smaller humpst

This paper is concerned with high-Reynolds-number Blasius boundary layers for
which the frequency parameter 8 = S/R = Sy€® is proportional to R~% along the lower
branch of the Tollmien—Schlichting wave neutral stability curve, and to R~? along its
upper branch. We have already indicated that these waves have wavelengths O(e®)
and consequently exhibit the well known triple-deck structure in the region
B = O(R7}) (i.e. in the region where S, = O(1)) lying below and in the viscinity of the
lower branch, but the Bodonyi & Smith (1981) analysis shows that they exhibit a
four-layer structure in the much larger unstable region, # = O(R7%), lying between
these curves, because S, > 1 and they have much shorter wavelengths = O(e*/+/S,)
there.

While the present analysis was restricted to the former region and specific results
were only given for the case where the mean flow is linearizable about the Blasius
flow, it turns out that the final formula, actually its high-frequency limit (4.15),
applies to the entire unstable (and much larger) region where g = O(R%) — even when
the mean flow cannot be linearized. This occurs because (1) the additional layer of
Tollmien—Schlichting-wave structure is actually contained in the lower part of the
main deck to the order of approximation of the present analysis (Bodonyi & Smith,

t Some of the material in this section is related to a recent study of Burggraf & Smith (1985).
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1981), and (2) the resulting higher frequency Tollmien—Schlichting waves are now
connected with a portion of the unsteady flow (i.e. the interactive portion associated
with the upper deck motion) that depends only on the wall boundary conditions in
the interaction region and not on the mean-flow variations produced by those
conditions.

The streamwise lengthsecale of the wall displacement in the interaction region must
of course approach zero along with the Tollmien—Schlichting wavelength, i.e. it must
scale with €3/4/8, as S, —~ o0, if these waves are still to be generated by the interaction.
Fortunately, the steady flow over humps of such short lengthscales has already been
analysed by Smith, Brighton, Jackson & Hunt (1981) and by Smith & Daniels (1981).
They show that this flow is still described (in a certain restricted sense) by the triple
deck and that it will separate when the hump height exceeds O(eSg?), which is the
height where the mean-flow disturbance first becomes nonlinear in the viscinity of
the hump. But (4.15) will apply even to much larger humps (of height = O(€?)), which
produce separation of the downstream flow, it we simply replace the scaled wall
displacement F in the Fourier transform F by the scaled transverse position Fy of
the separated streamline in the region of separated mean flow (since the separated
streamline is too close to the wall to sustain any new instabilities). Of course K, and
consequently the result (4.15), will then depend on the mean flow, which was
discussed in part by Smith & Daniels (1981) and which in general can only be
determined from the full nonlinear and viscous-triple-deck solution.

Its most interesting feature (from our point of view) is that the main portion of
the lower deck becomes inviscid in the vicinity of the hump (i.e. where X = 0(S)),
with the viscous effects confined to a narrow wall layer in which the motion is
governed by the boundary-layer equation with the pressure related to the streamwise
velocity at infinity in the usual way. The streamwise velocity is equal to the scaled wall
displacement ~F when k < 1 in our notation, as was pointed out by Smith & Daniels
(1981), but is related to the latter in a much more complicated way that depends on
the upstream vorticity distribution when & = O(1). The preicse relation can be found
from the solution of the inviscid boundary-layer equation, which is easily obtained
in closed form. Finally, it is worth noting that the vorticity in the separated region
is not necessarily equal to zero and that the growth rate of the Tollmien—Schlichting
wave will be affected by the mean flow in this region.

Since the form of the Fourier transform requires that F(+/AS,) be 0(S;*) and h
cannot exceed O(S;4) when the flow is unseparated, (4.15) implies that the coupling
coefficient (between the Tollmien—Schlichting wave and the external disturbance) will
be O(S;?) when the flow is separated and O(S;%) when it is not.

Bodonyi & Smith, (1981) showed that S, = O(R%) near the upper branch of the
neutral stability wave and it is easily shown that this scaling applies over most of
the unstable region. It therefore follows that the coupling coefficient will be O(R %)
there, when the flow is separated and O(R™%) when it is not.

6. Concluding remarks

The order-of-magnitude analysis of §5 suggests that Shapiro’s (1977) acoustic
disturbance is coupled to the Tollmien—Schlichting waves via the small surface
geometry variations in his experiment and not by the weak leading-edge coupling
mechanism studied by Murdock (1980) and Goldstein (1983a). This does not, of
course, mean that the latter mechanism will not be dominant in other experiments.
In any case, it seems to us that the relevant physics of both mechanisms can only
be put into perspective by a mutual comparison of the type given in §5.
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